Abstract. We outline a general algorithm for verifying whether a subset of the integers is a more sum than differences (MSTD) set, also known as sum dominated sets, and give estimates on its computational complexity. We conclude with some numerical results on large MSTD sets and MSTD subsets of [1, N ] ∩ Z for N up to 160.
Introduction
Let A be a finite set. Then define the sum set where |A| represents the cardinality of the set, are defined as more sum than difference sets, also known as MSTD sets or sum-dominated sets. Since addition is commutative while subtraction is not, two distinct elements generate one sum but two differences. So, intuitively, the number of elements of A − A should at least be as much as the number of elements in A + A. In other words, one expects that (4) |A − A| ≥ |A + A| In 1960s, the first counterexample to this was provided by Conway, namely, the set A = {0, 2, 3, 4, 7, 11, 12, 14} is an MSTD set. Conway conjectured that for A ⊂ Z, A satisfies (4), but was proven to be false by Marica [MO69] . Since then, MSTD sets have been the subject of much study, particularly by Nathanson [Nat07, Nat18] [Zha10, Zha11] , and others [MO07, Ruz91, PW14] .
In this note, we study the computational complexity of testing MSTD sets. We shall outline the general procedure for verifying whether a set A ⊂ Z is an MSTD set, then give estimates for its computational complexity. Finally, we conclude with some numerical results on large MSTD sets A with 40 ≤ |A| ≤ 120, and MSTD subsets of [1, N ]∩Z for N = 1, . . . , 40. We hope that this will inspire further research into possible computational studies and cryptographic applications of MSTD sets.
Computational verification
Due to the randomness in the occurrence of the MSTD sets, our algorithm to verify them is simply by brute force calculation. (There is no literature claiming a more efficient way to do it). Let A = {a 1 , . . . , a n } ⊂ Z. Then our algorithm is as follows:
(1) For all j ≥ i, add a i to a j . Each of these operations will generate an element for A + A. Store the results in A + A. We next calculate the time complexity of the verification. To show that verification of MSTD sets is complex enough for practical purposes, we can just show that a lower bound of the time complexity is complex enough. All the operations in the verification of an MSTD set are:
(1) Addition of integers. To calculate a lower bound, we shall only consider the first two operations.
Lemma 2.1. The lower bound of addition operations in verification of an MSTD set is
where n = |A| and k = inf(A).
Proof. Let k be the infimum of A, that is, the element k ∈ A such that a i ≥ k for all a i ∈ A. Note that the time complexity of any addition operation between two elements of A is
which is greater than O(log 2 (k)).
The number of addition operations can be counted as follows: first count a 1 + a i for i = 1, . . . , n, then a 2 + a i for i = 2, . . . , n and so on until we reach a n + a i for i = n. Therefore, the total number of addition operations is
Thus taking together the complexity of any arbitrary operation with the time complexity of all addition operations it follows that
is a lower bound of the time complexity of addition operations in the verification of an MSTD set.
Lemma 2.2. The lower bound of subtraction operations in verification of an MSTD set is
Proof. The proof is similar to that of the previous lemma. The time complexity of any subtraction operation between two elements of A is
which is greater than O(log 2 (k)). The number of subtraction operations can be counted as follows: for each a i , i = 1, . . . , n, we count the number of a i − a j for j = i. Note that we know that a i − a i = 0 is an element, we don't have to perform that operation. So, the total number of subtraction operations is n(n − 1). Thus it follows that the time complexity of all subtraction operations is at least
as desired.
Theorem 2.3. The time complexity of the verification method is bounded below by O(n 2 log 2 (k)) where n = |A| and k = inf(A).
Proof. From Lemma 2.1 and Lemma 2.2, we get the bound
Then putting these together we get the estimate
Numerical results on large MSTDs
In this final section we list three numerical results on MSTDs of large cardinality. First, in the list below, we explicitly computed the following MSTDs of large cardinality. To our knowledge, no explicit MSTD of cardinality ≥ 40 has been studied in the literature. Second, in Figure 1 , we plot the probability that a given subset of an n-set is an MSTD set. Thirdly, in Table 1 we list the cardinality of the largest of all MSTD subsets for each n was computed for the sets A = {0, 1, 2, 3, . . . , N − 1} for 1 ≤ N ≤ 40.
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